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Abstract

State feedback approach is a very popular design method in control engineering, however,

the state variables are sometimes not accessible for direct measurement or the number of

measuring devices is limited. Therefore, the observer-based feedback method will be

extensively applied to the control system design because of its greater design flexibility. The

purpose of this paper is to design a new observer-based controller so that the closed-loop

characteristic polynomial of a multi-input multi-output (MIMO) two-dimensional (2-D) system

is the same as the desired one. The system configuration described here is an observer-based

feedback configuration, and the feedback compensator is of the form similar to the PID type for

analog system. Furthermore, it is in expectation that these results can be used to design

some practical system. Finally, an example is given to illustrate the feasibility of the

developed approach.

Keywords: Observer-based feedback, PID controller, 2-D systems

1. Introduction

In control engineering, pole assignment approach is a very
popular method for improving the behavior of a closed-loop
system. It has drawn considerable attention because the design
approach begins with a determination of the desired closed-loop
poles based on transient-response requirements, such as,
transient-response speed or damping ratio. Then, by choosing an

appropriate feedback compensator, it is possible to force the

system to have closed-loop poles at the desired locations, such
that the system dynamics have the good performance. Therefore,
as pointed out in the related literatures, the solution of pole
assignment problem for the one-dimensional (1-D) system is
very well known (Palm 2003, Ogata 1998, Phillips and Harbor
2000, Gopal 2003, Goodwin et al. 2001). Though the 2-D
system design problem has been shown in several papers
(Agathoklis and Foda 1988, Shimonishi et al. 1989, Liu 2013,
Liu and Chung 2015), most of them make use of state feedback
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method. For example, Agathoklis and Foda (1988) did the
characteristic polynomial assignment by the state feedback
method. Shimonishi et al. (1989) also discussed the problem by

using an idea that the eigenvalue assignment problem of 2-D

systems is divided into two 1-D eigenvalue assignment problems.

Recently, Liu (2013) studied the controller gain design problem
of 2-D linear systems based on the existing 1-D analytical
solution. More, Liu and Chung (2015) dealt with the state
observer design problem for two-dimensional discrete systems
by using Ackermann’s formula. In the state feedback method, all
the state variables are assumed to be measurable and be
available for feedback, however, this assumption generally does
not hold in practice, because the state variables are not
accessible for direct measurement or the number of measuring
devices is limited. Fortunately, Liu (2012) studied the 2-D
controller design problem via observer-based feedback control.
Based on the known system inputs and the outputs that can be
measured, the closed-loop characteristic polynomial of a 2-D
system has desired pre-assigned eigenvalues. However, the
compensator developed by Liu (2012) just restricted to a
constant form.

In this paper, in order to overcome the problems stated
above, based on the results shown by Liu (2012), we will tackle
the 2-D control design problem by means of the observer-based
feedback method (Chen 1987), and it has been extensively
applied to the control system design because of its greater design
flexibility. Furthermore, the developed controllers will be
extended from constant form to a form similar to the PID type
for analog systems, which will result in a large number of free
parameters, and make the design system specifications more
flexible. It should be pointed out that the design procedures for
MIMO PID controllers are very difficult than those in Liu
(2012), and the overall closed loop system developed in this
paper is a generalized form of the system which tackled the

same issue using the state or output feedback method.

2. Description of the system and problem

Consider the 2-D linear system described by the following

state space model (Roessor 1975)

x"(i+1, j) _[Al Az} <", B) [51} N
|:XV(i,j+1)}_ A A, |:Xv(i,j) + B, u(i, j) (1)

hy: =
v, i) =[c, Cz{zz:j;:l @

or more compactly

(i, J) = Ax(i, ) +Bu(i, j) ®)
y(i, ) = Cx(i, j) 4)

where x"(i, j) is the n, x1 horizontal state vector, X'(i, j) is the n,
x 1vertical state vector, x(i, j) is the (n, + n,) x1 local state vector,
u(i, j) is the t x1 control vector, y(i, j) is the sx1 output vector. A,
B and C are real matrices of appropriate dimensions, x(i, j) and

x'(i, j) are denoted as follows.

X" R LY (O

xi = D e =X 0D

x' (i, j) x'(i, j+1)
A 2-D linear shift-invariant plant input-output feedback
system is shown in figure 1, which is composed of a plant with
transfer function P(z,, z,), a feed-forward controller E(z,, z,) and

a feedback controller F(zy, z,). And V(zy, 2p) is a (z, z,)-

transform of a new t-dimensional input vector v(i, j).

Mz, ) Uz, z2) ¥z, 7))
» " Pz, z) I »

+

Observer-based
PID controller

Figure 1. A Plant input-output feedback system

From Figure 1, one can derive the control law as follows:
U(z1, 25) = V(24, 22) — E(24, 22)U(24, Z5) + F(21, 22)Y(21, 22)
®)

where U(zy, z,) and Y(z3, z,) are the (z;, zp)-transform of u(i, j)
and y(i, j), respectively. E(z;, z,) and F(z;, z,) are 2-D
polynomial matrices with dimension t x t and t x s, respectively.
The transfer function of the open-loop system (1) and (2) is

given as follows:

CH(z4,2,)

Plaw 22) = do(z1,25)

(6)

where do(z1, z,) is an open-loop characteristic polynomial and

H(z,,2,) is a polynomial matrix with dimension (n; + n,) x t,
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which can be expressed as follows.

nl  n2 .
H(z1, 2o) = {Adj[zl = A]}B = 2. 2.0z1z} with hyyp=0
i=0 j=0
)
and
nl  n2 o
dol21, 25) = detfzl - A1 =2 Do) 2122 With dyguany 70
i=0 j=0
(8)
here
Z,1 0
zI :{ 1 } )
0 Zyl

Then the closed-loop characteristic polynomial d.(z;, z,) will be

de(z1, o) = det[zl — A — B(I, + E(z4, 25)) *F(z4, 2,)C] det[l,
+E(zy, 25)]

nl n2

=2, 2 degiy 2122 With dgging) #0 (10)

i=0 j=0

where I is the identity matrix with dimension t x t.

Let dy(z4, z,) be the desired 2-D characteristic polynomial
of the closed-loop system. At this point, we can state the
problem as follows: Given A, B, C and d4(z;, z,), find the

controller matrices E(z;, z,) and F(z3, z,), such that
do(z1, 2) = dy(z1, 22) (11)
3. Concise results

In this section, based on the results derived in Liu (2012),
the developed controllers will be extended from constant form to
PID form, which will result in a large number of free parameters,
and make the design system specifications more flexible.
Furthermore, in next section, a difficult example will be given to
illustrate the feasibility of the developed approach.

Here, we tackle E(z;, z,) and F(zy, z,) with the following

PID structures

E(z1,2,) = E (12)
FoR

F(zi, 2)) = -+ + Fa+ Ry + 2,Fs (13)
1 2y

here, the matrices Fy, F, F3 F, Fs are with dimensions t x s.
Substituting (12) and (13) into (10), and det[l; + E] = 1/k is a real
value, more let (I, + E) = K and KF(zy, Z,) = L(z4, 2,). Then (10)

will be equal to the following equation
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kdc(z1, Zp) = det[zl — A — BL(z4, 2,)C] (14)

Let L(zy, z,) has the following dyadic form:

T WlT Wg T
L(z1,2) =W (21, 29) = 9—+ g—=+gw s+
7 Zy

ZlgWTA + ZngTs (15)

where g is a given t x1 vector and w,(m = 1, 2, ...,5) are sx1
vectors to be determined such that the characteristic polynomial
of the closed system is equal to the desired one.

Now, substituting (15) into (14), after a simple process, the

following equation can be derived.

ZzﬂT(Zl, Zz)CTW1 + ZlﬂT(le Zz)CTW2+ lezﬂT(le Zz)CTW3

+2,°2, ﬂT(ZL Zz)CTW4 + lezzﬂT(Zly Zz)CTW5 = 212, d (21, 2)

(16)
In order to solve (16), H'(z;, z,)C" may be written as
nl n2 Toisi
H'(z, 2)C" =2 2 hiC'212; = WyHT X, (17
i-0 j=0
where H'(z,, 2,)C" is 1x s matrix, and
i I, hgC’ 1CT . b CT
2 7,1 hicT
Wm— ! ) an— 25 ’ ﬂT: 0
z" 231 hImCT hllnch
(18)

andH'isa[(n;+1) x (np+ 1)s] matrix.

— 5 a, byT T —
Let  Gap(zy, 22) = 21°22°H (21, 22)C° = WhpaGapXnzep
nl+a n2+b

= Z Z(Gab)ijziz% (19)

i=0  j=0
where

S

z,1
Wia=[121 ... 7", Xpaup = 2
Z22-¢-b Is
(Gab)OO (Gab)ol (Gab)o,n2+b
G
Gab _ ( i\?)lO
(Gab)n1+a,0 (Gab)n1+a‘n2+b
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b blocks n,+1 blocks
_01><S les les les i
a blocks
_ Ops o+ Ops Ops les. (20)
les les
" HT n, +1 blocks
_les les i

and Gy isa[(ny+a+1) x (ny+ b+ 1)s] matrix.
Now, Substituting (17)-(20) into (16), and leto; =n;+2, g, =
n,+ 2, we have
ol o2 o ol o2 Lo
[Z Z(G01)ij2|12%]w1 + [Z Z(Glo)ijz:llzé]wz +
i=0 j=0 i=0 j=0
ol o2

ol o2 o .
[Z Z(Gll)ij 21231, +[Z Z(GZ:[)ij 223w, +
i=0 j=0

i=0 j=0

ol o2 o gl o2
[Z Z(Gm)ijzizé]wszz zdijzllzé (21)

i=0 j=0 i=0 j=0
Equating coefficients of the term z,'z,! on both sides of (21), we
obtain
(Go)ijW1+(G10)ijWat(G11)jWsH(Ga2)ijWa+ (G 12)jjWs = aij
(22)

Thus, (21) may lead to a linear system of algebraic equations of

the following form

Gw =d (23)
where
I (GOI)OO (Glo)UO (Gll)OO (621)00 (G12)00
(Go1)01 (GlO)Ol (Gll)Ol (621)01 (Glz)Ol
G= (601)02 (GIO)OZ (Gll)OZ (GZI)OZ (G12)02

(G01)03 (G10)03 (G11)03 (G21)03 (Glz )03

,(Go1 ) olo?2 (GlO ) olo2 (Gll ) olo2 (G 21 ) olo?2 (GIZ ) olo?2

(ioo W,
d
. JOI W,
d=| 2 |, w=|w, (24)
dos w
4
" Wg
_d clo?2 |

One can observe that (23) has N = (n; + 3)(n, + 3) — 1 equations
with 5s unknowns. Then the 2-D characteristic polynomial
assignment problem has a solution if and only if there exists a
solution w to (23).

Now, we are in a position to establish the following Theorem.

Theorem: Given the systems (1), (2) and the desired
closed-loop characteristic polynomial dq4(z;, z,), applying the
control law (5), we can find the controller matrices E(zy, z,) (12)
and F(zy, z,) (13), such that the characteristic polynomial d.(z;,
z,) of the closed-loop system will be desired, i.e. d¢(z1, z,) =
da(z1, 25).

Proof: Refer to Liu (2012).

4. llustrative example

Consider the multi-input multi-output 2-D system described
by (1) and (2).

Given
all0 71 gf0 1] o[t
L kel o e e

and the desired closed-loop characteristic polynomial dq(z1, z,)

be as follows

dd(Zl, 22) =21Z2y— 0.8 Z— 0.522+ 0.4 (26)
We have ny=n,=1,t=2,5s=2
and  do(z1, zp) = det[zl —A] =212, 2, + 2

and

. -1 z,-1
H(z. 22) = {Adj[zl - Al}= Ll 2 }

1 -z
Choosing g { } then H(zy, z,) = H(zy, )9 =[ 2 }
-1 Zl -2

So,
ho=[0 -2} hg=[-1 0] hi=[0 1 hj=[0 o]
Hence
-2 0 -1 1
ﬂT:{ 100 o}
therefore,
_ 0 0 (O 0]
00 (-2 0) (-1 1
G01— (0 0; ((l 0)) ((0 0))} G1o= (—2 0) (—1 l),
- @o (0]
©0 ©0 ©0 0o (00 (0]
0 0 (OO0 (0
a0 o (2 0 (1 g |00 20 (1D
00 ¢0o (00
100 10 (00 -
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©0 @©o (00 (©O0
Gp=|(0 0) (0 0) (=2 0) (-1 D},
(00 (0O @0 (00

By (15 h k=% ? dderive |0 1
y (15), we choose =l 1,an erive =l _1l

So, det[l; + E] = 1, then k =1.
Now, one can calculate d (z, z,) as follows

d (21, o) = do (24, Zp) — kdg (241, 2,) = 0.2z, + 0.5, + 1.6
The matrices G and d, are as follows

[© 0 (O ©O0 (@O0 (0]
(-2 00 (00 (OO0 (OO (0
-1 OO0 (@©©O0 (OO0 (© o0
(00 (O (@©O (@©©O0 (@©O0
o0 (-2 0 (OO (OO (@©O0
@0 (10 (20 (©O0 (00
o0 ©O0O (11 OO (-20
00 (@O0 (©O0O (@©O0 (11
00 @0 (@©O (@©©O0 (OO0
©o0 (OO @O (20 OO
©0©o0 (OO OO (-11 @o
o0 @O OO0 (OO (@© o
(00 (O (@©O (@©©O0 @©O0
o0 ©O @©©O0 @0 (@©O
(00 (0 (@©O (@©©O0 (@©O0
(00 (o0 (@©O (©©O0 (OO0

d=[000001260500-02000000TF,
w' = [wy " w," s w, " wsT ]
Now, solving the system (33), we get

W= w " wy wstw, ws' ]=[(0 0)(0 1.2)(-0.2

23)0 -HA 1]
By (18) and (16), we derive

22,-04 2(z,-74 +£+2.3)
F(zy,2,)= 22

2,-02 —(zl—zz—%—Z.B)

In what follows, we will check the results.
Substituting E and F(zy, z,) into (10), we get

dc(z1, ;) = det[zl — A — B(l + E(zy, 2)) ’1F(zl, 2,)C] det[l,
+E(zy, 25)]
=21Zp— 0.821 - 0.522 +0.4

It is obvious that the closed-loop characteristic polynomial is

equal to the desired polynomial dy(zy, z,). Thus, E and F(z, z,)

given above are the solutions.

5. Conclusions

In this paper, we considered the characteristic polynomial
assignment problem for 2-D system expressed by Roesser’s
state-space model. In spite of these problems had been discussed
in several papers, for the reasons of the techniques, approaches,
mathematical means, model which described the systems and the
system structure used to solve these problems are different, we
devoted ourself to studying it deeply. Different configuration of
the system plant input-output feedback system is adapted in this
paper, and we treat the 2-D characteristic polynomial assignment
problem by means of the observer-based feedback. It should be
pointed out that the overall closed loop system developed in this
paper is a generalized form of the system which tackled the
same issue using the state or output feedback method. And the
developed controllers have been extended from the constant
form to a form similar to the PID type of analog systems, which
will result in a large number of free parameters. Finally, we give

an example to illustrate the feasibility of this approach.
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